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Abstract 
Wilson, B.J., Minimax arcs, Discrete Mathematics 92 (1991) 441-450. 
In PG(2, q) with q odd it is possible to construct two classes of complete (k. n)-arcs for which 
k = (n - 1)q + 1 by making use of the partitioning of PG(2, q)\C into interior points and 
exterior points with respect o an irreducible conic C. The points of the arcs of both classes 
have the property that the number of n-secants through each is either a maximum or a 
minimum. We show that this property, together with the condition that n *(q + 3)/2 
characterizes one of the classes and that, together with the conditions that rr = (q + 1)/2 and 
the arc only has one maximum point, it characterizes the other. 
1. Introduction 
In PG(2, q), where q is an odd prime power, let C denote an irreducible conic 
necessarily containing exactly q + 1 points [6, p. 2661. C partitions the points of 
PG(2, q)\C into the subsets Z = {interior points of C through which pass no 
tangents to C}; E = {exterior points of C through each of which pass exactly two 
tangents to C}. 
Besides the tangent lines (or T-lines) to C we may identify the Z-lines having 
exactly two points in common with C and the E-lines having no points in common 
with C. On an Z-line are (q - 1)/2 points of Z and (q - 1)/2 points of E whereas 
on an E-line are (q + 1)/2 points of Z and (q + 1)/2 points of E. Dually, through a 
point of Z pass (q + 1)/2 E-lines and (q + 1)/2 Z-lines and through a point of E 
pass (q - l/2) Z-lines, two ‘f-lines and (q - 1)/2 E-lines. There are (q* - q)/2 
points of Z and E-lines and (q2 + q)/2 points of E and Z-lines. From these 
observations we have immediately the following result. 
Lemma 1.1. The set of points KO consisting of Z and the points of C form a 
complete ((q2 f q + 2)/2, (q + 3)/2)-arc. 
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Now let K1 consist of the set of points of Z together with a point P of C. 
Lemma 1.2. The points of K, form a complete ((q* - q + 2)/2, (q + 1)/2)-arc. 
Proof. It is sufficient to observe that a point Q of C\P lies on the Z-line PQ 
which is a ((q + 1)/2)-secant of Ki and a point of E lies on an E-line which is also 
a ((q + 1)/2)-secant of Ki. Cl 
Notice that both of the (k, n)-arcs constructed above have k = (n - 1)q + 1. 
The object of this work is to attempt to characterize (k, n)-arcs having the above 
parameters. 
2. Minimax arcs 
Let P be a point of a ((n - 1)q + 1, n)-arc K of PG(2, q) with q an odd prime 
power and n >2. Suppose that through P there pass Si i-secants of K for 
i=l,2,..., n. Then counting lines through P gives 
sl+sz+“‘+S,=q+l (1) 
and counting points of K on lines through P gives 
s,+2s3+ . * ’ + (n - l)s, = (n - l)q. (2) 
Eliminating s, gives 
(n - l)sl + (n - 2)s, + - * - + s,_~ = n - 1. (3) 
The maximum value of s, occurs when s1 = 1, s2 = . . * = s,_ 1 = 0, s, = q and the 
minimum value of s, occurs when s~=s~=...=s,+~=O, s,-~=II-~, s,= 
q-n+2. 
Definition. If every point of K is of one of the above two types then K is called a 
minimax arc. The points of K are called maximum or minimum points 
accordingly. 
Notice that both of the (k, n)-arcs constructed in Section 1 are minimax arcs. 
Suppose now that K is a minimax arc having CL maximum points and 6 minimum 
points We shall refer to K as a minimax arc of kind (a, b) when appropriate. 
Then, using the notation A$ to denote the number of i-secants of K we have 
a + b = (n - 1)q + 1, (4) 
iV,=a, (5) 
N,_, = b, (6) 
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N =w+(!l-n+w =q2+3q-l-nq+a- q*+q+2a-2 rl n n (7) 
NO=(q2+q+l)-N,-N,_,-N,=(l-q-a)+q2+q+~-2. (8) 
n 
Let Q be a point not on K and suppose that through Q there pass ti i-secants for 
i = 0, 1, n - 1, n. Then 
f~+?~+t~_,+g=q+l 
and 
t, + (n - 1)&-l +nt,=nq-q+l. 
From these we may obtain 
(9) 
(10) 
nt, + (n - I)& + tn_l = n + q - 1. (11) 
Since n > 2 any solution for which r,, = t, = 0 is impossible, whence we have 
proved the following result. 
Lemma 2.1. Every point which does not lie on a minimax arc K of PG(2, q) lies 
on either a O-secant or a l-secant of K. 
3. Miniisur arcs for which IL > (q + 3)/2 
In this case we shall find that the set of O-secants and l-secants forms the dual 
of a k-arc. To prove this suppose that for some solution of (11) for an arc with 
n 2 (q + 3)/2 we have to + t, c=- 2. Then 
ntO + (n - l)t, + t,_ ,>3(n-l)s(n-1)+2(q+1)/2 
=n+q. 
We thus have a contradiction to (11) and can formulate the following le+na. 
Lemma 3.1. The set of O-secants and l-secants of a minimax MC # for which 
n 2 (q + 3)/2 forms the dual of a k-arc. 
The number of minimum points of K is, by Lemma 3.1, the number of points 
which do not lie on any O-secant or l-secant of K. Hence we have 
b=(q2+q+1)- 
I CNolNJ -(q+l-(N,,+N,-l))(N,,+N,) 
= (42 + q + 1) +y(p2 l) - y(q + l), (12) 
where y = No + NI. But also using (4), (5) and (8) we get 
Y =(1-q)+ 
q*+q+2a-2=n+nq+q*-q-2b 
n n 
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whence 
2b=q*+nq+n-q-ny. 
Combining (12) and (13) we obtain 
y2+ny-3y-2yq+q2+3q+2-nq-n=O, 
i.e. {y - (q + l)}{y - (q + 2 - n)} = 0. From this we have either 
y=q+l or y=q+2-n. 
(13) 
Lemma 3.2. For a minimax arc for which n 2 (q + 3)/2 either 
N,+N,=q+l or N,+N,=q+2-n. 
We consider the two cases separately. 
Case (A): We first consider y = q + 1. 
The set of O-secants and l-secants forms the dual of a (q + l)-arc which is 
necessarily the dual of an irreducible conic [6, p. 2701. Let C denote the 
corresponding conic locus to which these lines are tangents. Then through any 
exterior point of C pass exactly two of the lines which means that such points 
cannot lie on K. From (12) we have in this case 
and these minimum points are the interior points of C. Hence any maximum 
point of K is necessarily a point of C. The tangents to C at points of C which are 
not maximum points of K are O-secants of K. Suppose N,,a2. Let P, Q be the 
points of contact with C of two distinct O-secants of K. Then PQ is an i-secant of 
K with i = n or n - 1. Since n 3 (q + 3)/2 this implies that at least one of the 
points P and Q is on K, which is a contradiction. Hence No G 1. Suppose No = 1. 
Then Nr = q = a, and, since b = q(q - 1)/2, we may use (4) to obtain n = 
(q2+ 3q - 2)/2q, which is impossible. Hence No = 0 and every point of C is a 
point of K. 
Lemma 3.3. A minimax arc for which n 3 (q -t 3)/2 and No f N, = q + 1 is 
necessarily formed of the interior points of C and the points on C. 
Case (B): We now discuss the case when y = q + 2 - n. 
From (13) we obtain 
2b=q2+nq+n-q-ny=q*-n-q+n*. 
Hence using (4) and (5) we find 
a=N,=(n_l)q+l_4~_12q+n2=-(4-“)(q-n+1)+2, 
2 
Minimax arcs 45 
But a must be a non-negative integer and hence we have only the following three 
possibilities. 
Case (Bl): n = q + 1, a = 1, b = q2, y = 1, N,, = 0. 
The arc consists of all points which do not lie on a given line 1, together with 
any single point P of lo, P being the unique maximum point. 
Case(B2): n=q, a=l, b=q2-q+l,y=2, N,=l. 
Let 1, denote the unique O-secant and let I, denote the unique l-secant. Then 
the arc consists of all those points which lie on neither I,, nor I, together with any 
point P of I, \l,,, P being the unique maximum point. 
Case(B3): n=q-1, a=O, b=q2-2q+l, y=3, N,=3. 
The arc consists of those points which do not lie on any side of a proper 
triangle. 
We summarize these results in the following lemma. 
Lemma 3.4. A minimax arc K for which n a (q + 3)/2 and for which N,, + NI = 
q + 2 - n k of one of the three types listed above under (Bl), (B2) and (B3). 
We have completely proved Theorem 1. 
Theorem 1. A minimax arc for which n 2 (q + 3)/2 is either of the form of KO or 
is of one of the three types listed under (Bl), (B2) and (B3). 
4. Miiax arcs for which I = (q + I)/2 
Putting n = (q + 1)/2 into (4)-(S) gives for this case 
a+b,q2-q+2 
2 
N, =a, 
N,_, = 6, 
N~zq2+3q_l_(42++b)4_2q2+~J:+2a 
q2+5q-2+2a U-l = 
2 
-2q-4- 
q+l’ 
NO=l-q-a+2 
q2+qf2a-2 
q+l 
(44 
(5) 
(6) 
(74 
=l+q-a+4n-l. 
q+l 
0-W 
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Since &-, 2 0 we require that (1 + q - a)(q + 1) + 4(a - 1) 3 0 from which 
a ~ (4 + 3)(q - 1) 
q-3 - 
(14) 
Also (11) gives 
q+lt +4-l, +t _ _%I-1 - - -- 
20 21nl 2’ 
The points which do not lie on K may thus be classified according to Table 1. It 
follows that the set of O-secants forms the dual of a k-arc, and that the set of 
O-secants and l-secants forms the dual of a (k, 3)-arc. Hence using well-known 
results in 16, p. 2661 and [l] we have respectively 
N,<q+l and No+N,<2q+1. (15) 
By @a) an obvious, though by no means the only value of a is a = 1. In this 
case b = q(q - 1)/2, ZVi = 1, No = q and the only types of point not on K are A, 
C, D and G. The set of all O-secants and l-secants forms the dual of a (q + 1)arc, 
which, as we observed earlier in Section 3, is necessarily the set of tangents of an 
irreducible conic. Let C denote the associated conic locus, let p denote the unique 
l-secant of K and let P denote the unique maximum point of K, lying on p. Then, 
using Table 1, the q O-secants of K meet p in q distinct points of type C which are 
necessarily exterior points of C and hence the only other point of p., which is its 
point of contact with C, is P. We have thus proved that there are no points of 
type G; i.e. K is complete. On each O-secant of K are q - 1 type A points, 
necessarily exterior to C, one type C point, also exterior to C, and one type D 
point which must be the point of contact of the O-secant with C. The remaining 
q(q - 1)/2 points of the plane, which are the interior points of C, are the 
minimum points of K and we have proved that K Is of the form of K, of Section 
1. 
Theorem 2. A minima arc K having n = (q + 1)/2 and having exactly one 
maximum point is formed of the set of interior points of an irreducible conic C 
together with any one point P of C, P being the unique maximum point of K. 
Table 1 
Point of type I, t, &_I tn 
A 2 0 67 - 3112 (4 + lu2 
B 1 2 0 q-2 
C 1 1 (9 - 1112 (rl - 1Y2 
D 1 0 q-1 1 
E 0 3 1 q-3 
F 0 2 (4 + 1)/2 (4 - 3Y2 
G 0 1 cl 0 
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The value of a for which No = 0 is also of interest in that it may be proved that 
no minimax arcs exist. In this case we obtain, from @a) that 
~ = k? + WI - 1) 
q-3 * 
Then 
From Table 1 the only types of point not on K are E, F, and G. Now let 1 be a 
l-secant of K. Suppose that on I there are e points of type E, f points of type F 
and g points of type G. Then counting the intersections of 1 with the other 
l-secants gives 
!l*+q 2e+f=N,-l=a-l=~-1=-= % 
q-3 4+- q-3 (16) 
and counting points on 1 gives 
e+f+g=q. (17) 
The allowable values of q for which the right-hand side of (16) can be a 
non-negative integer are q = 5, q = 7 and q = 9. However if q = 5 then there are 
no compatible values of a and b. 
For the case of q = 7 we require that K should be a (22,4)-arc with a = 15 and 
b = 7. The equations (16) and (17) become 
2e+f =?4 and e+f +g=7. 
The only allowable solution of these is e = 7, f = 0, g = 0. It follows that the set 
of l-secants forms the dual of a (15,3)-arc having seven 3-secants and one 
l-secant through each point. However, it was shown in [7] that such an arc cannot 
exist and hence the corresponding minimax arc cannot exist. 
For the case of q = 9 we have a = 16, b = 21 and the only allowable solutions to 
(16) and (17) are e = 7, f = 1, g = 1 and e = 6, f = 3, g = 0. We are seeking a 
(37,5)-arc having sixteen l-secants, 21 4-secants and 54 kecants. The set of 
l-secants forms the dual of a (16,3)-arc D having x points through which pass 
seven 3-secants, one 2-secant and two l-secants and y points through which pass 
six 3-secants, three 2-secants and one l-secant. Then for D we have 
N _x+3y N _7~+6~ 
N,=2x+y, 2-2, 3-77 N,=21. 
Since there are precisely 91 lines altogether 
X+3y+7X+6y+21_.-91 2K+y+y- - . 
3 
But also x + y = 16, whence 
2Y + I6+96+x+2I=9l x+16+- - 
2 3 
, 
i.e. x+y+x/3+77=91, i.e. x= -6, which is impossible. It follows that D 
cannot exist and we have proved the following result. 
Lemma 4.1. A minimax WC for which n = (q + 1)/2 crrnnot have No = 0. 
5. Some further discussion of minimax arcs in PG(2,7) 
The (11,3)-arcs of PG(2,5) have been fully discussed previously [3]. The next 
particular case of interest is therefore PG(2,?). In this plane we are concerned 
with (22,4)-arcs having a maximum points, through which pass seven 4-secants 
and one l-secant, and b minimum points, through which pass five 4-secants and 
three 3-secants. The equations (4)-(S) become. 
a+b=22, (4W 
N,=a, (5) 
N3=b, (6) 
N 55+a 
4 
=- 
2 ’ 
N 15-a 
0 =- 2 - 
(7b) 
The possible values of a and b not so far discussed are listed in Table 2. Since it 
was proved in [5] that the number k of points on a (k, 4)-arc satisfies k c 3q + 1 it 
follows that any (22,4)-arc of PG(2,7) is necessarily complete and hence the 
classification of the points not on K given in Table 1 may be modified to that 
given in Table 3. 
Table 2 
13 9 1 34 
11 11 2 33 
9 13 3 32 
7 15 4 31 
5 17 5 30 
3 19 6 29 
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Table 3 
Point of type to t, f, t, 
A 2 0 2 4 
B 1 2 0 5 
C 1 1 3 3 
D 1 0 6 1 
E 0 3 1 4 
F 0 2 4 2 
A minimax arc K of kind (13,9) has a unique O-secant 1 on which lie either six 
points of type B, one point of type C and one point of type D or five points of 
type B and three points of type C. We deal with the two cases separately. 
First suppose that on I are six points of type B. Then consider the lines through 
the type D point, P say. On none of the 3-secants through P are there any 
maximum points of K whence these must be joined to P by Csecants; since there 
are thirteen such points and only one 4-secant hrough P we have a contradiction. 
Next suppose that on 1 are exactly five points of type B. Through each of the 
three points of type C on 1 there pass three 3-secants; thus the set of nine 
minimum points of K is partitioned into three sets of three coliinear points in 
three distinct ways by lines through three collinear points. It may easily be seen 
that this configuration implies that tbe plane has characteristic 3, which is a 
contradiction. Thus we have proved the following result. 
Lemma 5.1. ha PG(2,7) there is no (22,4)-arc of kind (13,9). 
This result is not really surprising in view of remarks in [3] concerning the 
apparent rarity of (22,4)-arcs in PG(2,7), although in this paper one example of 
such a (22,4)-arc, albert not a minimax arc, is given. Whether the other five 
possible cases listed in Table 2 exist or not is still open, 
6. Some examples of minimax arcs wilh n d (q - 1)/2 
Comparatively few examples of (k, n)-arcs are known; the following are 
instances of minimax arcs with n d (4 - 1)/2. 
In [7] a (15,3)-arc of PG(2,7) through every point of which there pass six 
3-secants and two 2-secants is constructed. Thus every point is a minimum point. 
In [2] it is proved that this is the only construction for a (15,3)-arc in PG(2,7). 
For a square prime power 4 a Hermitian curve (see [4, p. 1021) in PG(2,g) 
forms a (qdq + 1, dq + l)-arc having exactly 4 (l/q + 1)-secants and one 
l-secant through each point. It thus forms a minimax arc of kind (ql/q + l,O); 
i.e. a homogeneous arc. 
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In PG(2,9) a minimax (28,4)-arc of kind (0,28) may be constructed [8] 
using two distinct proper quadrangles A BCD and A'B 'C'D ’ with diagonal 
points X = AB - CD, Y=AC-BD, Z=AD-BC, X’=A’B’-CD’, Y’= 
A’C’ - B’D’, Z’ = A'D' . B’C’ and such that X, Y’, Z’ and X’, Y, Z are both 
collinear sets, but that no other vertex or diagonal point of either quadrangle is 
incident with any side or diagonal ine of the other. Then let C* denote the set of 
fourteen points involved in the two quadrangles. The set of 28 points which do 
not lie on any 3-secant of C* forms the desired (28,4)-arc. 
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